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Abstract. Inspired by topological Wiener- Wintner theorems we study the mean ergodicity 
^ of amenable semigroups of Markov operators on C{K) and show the connection to the 

, convergence of strong and weak ergodic nets. The results are then used to characterize mean 

ergodicity of Koopman semigroups corresponding to skew product actions on compact group 
extensions. 



Robinson's topological Wiener- Wintner theorem |20[ Theorem 1.1] is concerned with the uni- 
form convergence of the weighted Cesaro averages 



n 



n . 

for a continuous function / S C{K) on a compact space K, the Koopman operator S : f 
f o (f of a, continuous transformation ip : K ^ K and A in the unit circle T. Subsequently, 
Robinson's result has been generalized in various ways by Walters |26) . Santos and Walkden 
p2] and Lenz [T8l[T9]. 

It turned out that the uniform convergence of Wiener- Wintner averages plays an important 
role in the mathematical description of diffraction on quasicrystals. In |19| Lenz showed how 
the intensity of Bragg peaks can be calculated via certain limits of Wiener- Wintner averages, 
giving a partial answer to a conjecture of Bombieri and Taylor [Sj 1^. 

So far, all these authors focused on the convergence of a particular sequence of Cesaro means 
similar to In this paper we take a more general view and look at semigroups of operators 
being mean ergodic on C{K) or on some closed invariant subspace. Based on the theory of 
mean ergodic semigroups (see |17l Chapter 2]) this allows us to unify and extend the known 
Wiener- Wintner theorems to amenable semigroups of Markov (instead of Koopman) operators 
on C{K). 

The problem when averages of the form (j*j) even converge uniformly in A € T has been studied 
independently by Assani [1] and Robinson |20| with their results subsequently generalized by 
Walters [26], Santos and Walkden |22| and Lenz |19) . In |25) we have developed the concept of 
a uniform family of ergodic nets that allows us to treat this question also in our more general 
setting. 

In the first part of this paper we study mean ergodicity of semigroups of Markov operators 
on C{K). For an amenable representation {Sg : g € G} of a semitopological semigroup G as 
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Markov operators and for x '■ G ^ T a continuous multiplicative map, we then characterize 
mean ergodicity of the semigroup {x{g)Sg : g G G}. 

In the second part we restrict our attention to Koopman operators on the space C{K, C^) of 
continuous C^-valued functions and show similar results replacing x '■ G ^ T hy a continuous 
cocycle 'y : G x K ^ U{N) into the group of unitary operators on C^. 

In the third part we consider skew product actions on compact group extensions. We use 
the previous results in order to characterize mean ergodicity of the corresponding Koopman 
representation. Finally, we obtain a new proof and a generalization of a theorem of Furstenberg, 
showing that an ergodic skew product action corresponding to a uniquely ergodic action is 
uniquely ergodic. 



1. Semigroups of Markov operators 

We consider the space G{K) of complex valued continuous functions on a compact set ET, a 
semitopological semigroup G (see Berglund et al. [21 Chapter 1.3]) and assume that S = {Sg : 
g G G} is a bounded representation of G on C{K), i.e., 

(i) Sg G {G{K)) for all 5f G G and sup^gj^ \\Sg\\ < oo, 

(ii) Sg^Sg^ = Sg^gi foT all gi,g2 G G, 

(iii) g I— 7> Sgf is continuous for all / G C{K). 

Such a bounded representation 5 and its convex hull coS are topological semigroups with 
respect to the strong operator topology. 

On the dual space G{K)' , identified with the set M{K) of regular Borel measures on K, we 
consider the adjoint semigroup S' := {S'g : g G G}. 

A mean on the space Ch{G) of bounded continuous functions on G is a linear functional 
m G Ch{Gy satisfying (m, 1) = ||m|| = 1. A mean m G C},{G)' is called right (left) invariant 
if 

(m, Rgf) = (m, /) {{m, Lgf) = (m, /)) V5 G G, / G ^(G), 

where Rgf{h) = f{hg) and Lgf{h) = f{gh) for /i G G. A mean m G C[,{G)' is called invariant 
if it is both right and left invariant. 

The semigroup G is called right (left) amenable if there exists a right (left) invariant mean 
on Cb{G). It is called amenable if there exists an invariant mean on Gb{G) (see Berglund et 
al. [21 Chapter 2.3] or the survey article of Day [5]). Notice that if S := {Sg : g G G} is a 
bounded representation of a right (left) amenable semigroup G on X, then S endowed with 
the strong operator topology is also right (left) amenable. In the following, the space {C{K)) 
will be endowed with the strong operator topology unless stated otherwise. 

A net (Af ) of operators in (G(A')) is called a strong right (left) S -ergodic net if the 
following conditions hold. 

(1) G coS for all a e A. 



TOPOLOGICAL WIENER- WINTNER THEOREMS FOR AMENABLE OPERATOR SEMIGROUPS 



3 



(2) (A^) is strongly right (left) asymptotically invariant, i.e., 

lim„ A^f - A^Sgf = (lim„ A^f - SgA^f = O) for all / G C{K) and g G G. 

The net (j4f ) is called a strong S-ergodic net if it is a strong right and left 5-ergodic net. 
Clearly, the Cesaro means ^ Sj'=i of ^ contraction 5 G {C{K)) form a strong {S^ : j G N}- 
ergodic net and we refer to |1H [23l [25] for many more examples. 

The semigroup S is called mean ergodic if co5 contains a zero element P (see [21 Chapter 1.1]), 
which is called the mean ergodic projection of S. (See e.g. Krengel |17| Chapter 2] for an 
introduction to this concept.) 

Denote by Fix 5 = {/ G C{K) : Sgf = f \/g e G} and Fix 5' = {v e C{Ky : S'gU = u ^g e 
G} the fixed spaces of S and S' , respectively, and by linrg(/ — S) the linear span of the set 
rg(/ -S) = {f-Sgf:fG C{K),g G G}. 

We recall some characterizations of mean ergodicity from Theorem 1.7 and Corollary 1.8 in 

m- 

Proposition 1.1. Let G he represented on G{K) by a bounded (right) amenable semigroup 
S = {Sg : g G G}. Then the following assertions are equivalent. 

(1) S is mean ergodic with mean ergodic projection P. 

(2) Fix 5 separates Fix 5'. 

(3) C(K) =Fix5eIiKrg(/-5). 

(4) A'^f converges weakly (to a fixed point of S) for some/every strong (right) S-ergodic 
net (Af) and all f G C{K). 

(5) A'^f converges strongly (to a fixed point of S) for some/every strong (right) S-ergodic 
net (Af) and all f G C{K). 

The limit P of the nets (^f) in the weak (strong, resp.) operator topology is the mean ergodic 
projection of S mapping C{K) onto Fix 5 along linrg(/ — S). 

Let now G be represented on C{K) by a bounded semigroup S = {Sg : g G G} of Markov 
operators, i.e., of operators satisfying Sg\ = 1. and Sg > Q for all g £ G. Assume that the 
semigroup S is uniquely ergodic, i.e., Fix5' = C • /i for some probability measure fx G C{Ky . 
We denote by Sg^2 the continuous extension of the operator 5^ G 5 to the space L'^{K,fi). 
The corresponding extended semigroup is ^2 := {Sg^2 ■ 9 G G} with 5| := {S* 2 : <? G G} 
the semigroup of Hilbert space adjoints. The semigroup S is called ergodic with respect to /x if 
Fix52 = C • 1. Since in Lp'{K,^) all contraction semigroups are mean ergodic (see, e.g., |25[ 
Corollary 1.9]), ^2 is mean ergodic. In fact, the above assumptions even imply mean ergodicity 
on C{K) (cf. Eisner et. al. |12| Theorem 10.6] and Krengel |17[ Chapter 5, Section 5.1] for 
representations of N) . 

Proposition 1.2. Let G he represented on G{K) by a bounded right amenable semigroup 
S = {Sg : g G G{ of Markov operators. Then (1) implies (2) in the following statements. 

(1) S is uniquely ergodic. 

(2) S is mean ergodic and Fix 5 = C • 1. 
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// there exists ^ fi G Fix5', then (2) implies (1). 

Proof. (1)=>(2): Since Fix5 contains the constant functions, it separates Fix 5' and hence S is 
mean ergodic by Proposition ll.il To show Fix 5 = C-1 it suffices to prove that Fix 5' separates 
Fix 5. To see this, take ^ x G Fix 5 and let P be the mean ergodic projection of S. Choose 
x' G X' with (x, x') ^ 0. Since Px G coSx this implies (x, P'x') = {Px, x') = {x, x') 7^ and 
P'x' G Fix 5' follows by taking adjoints in the equality PSg = P for all g £ G. 

Assume now, that there exists 7^ /U G Fix 5'. 

(2)=^(1): If Fix5 = C • 1 separates Fix 5', then Fix 5' can be at most one dimensional. But 
by hypothesis Fix S' is at least one dimensional and hence Fix S' = C ■ fi. □ 

Notice that if in the situation of Proposition 1 1 . 21 is also left amenable, then Day's fixed point 
theorem [6l Chapter V, Section 2, Theorem 5] ensures the existence of a probability measure 
fi G Fix 5'. This leads to the following corollary. 

Corollary 1.3. Let G be represented on C{K) by a bounded amenable semigroup S = {Sg : 
g G G} of Markov operators. Then the following assertions are equivalent. 

(1) S is uniquely ergodic. 

(2) S is mean ergodic and Fix 5 = C • 1. 

Let G be the set of all characters of G, i.e., the set of all continuous multiplicative maps 
X : G — ?• T (see [27]), and take x G G. Then we consider the semigroup '■= {x{g)Sg : g G G} 
and denote by (xS)' '■= {(x(5')'S'g)' : g G G} the adjoint semigroup on C{Ky . 

If S is (right) amenable, then so is x5. Indeed, if m G Ch{S)' is a (right) invariant mean on 
Gb{S), then m G Gh{xS)' given by 

{m,h) := {m,h) {h G Cb{xS)) 

defines a (right) invariant mean on Ch{xS), where h{Sg) = h{x{g)Sg) for g G G. 

Again, xS extends to L'^{K,fi) and the extended semigroup is contractive, hence mean 
ergodic on L^{K,fi). But unlike <S, the semigroup X'S is not always mean ergodic on G{K). 
In |20| Proposition 3.1] Robinson gave an elaborated example for such a situation. Here is a 
much simpler one due to Roland Derndinger (oral communication). 

Example 1.4. Consider the set { — 1, 1}^ endowed with the product topology and for i G N 
define the sequence x^'''^ = {x^)n^n G { — 1, 1}^ by 

^{^) / (-!)"> ^ < ^ 

" ■ \ (-l)"+\ n>i. 

If if denotes the left shift on { — 1, 1}^, i.e., Lp{{xn)) = (x^+i), then the set K := {ibx^*) : 
i G N} C { — 1, 1}^ is a closed (^-invariant subset of {—1,1}'^. Here and in the following, the 
notation ibx^*-* means and — x*-*^ simultaneously. Let S be the corresponding Koopman 

operator on G{K), i.e., Sf = foip for / G G{K). We claim that the semigroup S := {S" : n G 
N} is uniquely ergodic, but if x G N is given by x(^) = ("1)") then x<S = {(— S)" : n G N} is 
not mean ergodic. 
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First, notice that Fix 5 = C • 1. Indeed, if / € Fix 5, then for ah i € N there exists n > i such 
that /(ix*-*^) = 5"'/(ibx^*-*) = f{x^^^), and thus / is constant. To show that S is uniquely 
ergodic it thus suffices by Corollary 11.31 to show that S is mean ergodic. 

Let / € C{K). Then ^n=o f converges pointwise to the continuous function ztx^*-* i— > 
+ since /((/?"(±a;«)) = /((-l)'"+^(±x(i))) for ah n > i. Since weak and 

pointwise convergence coincide for bounded sequences, it follows from Proposition 11.11 that S 
is mean ergodic. 

We now show that xS = {(— S*)" : n € N} is not mean ergodic. Let /i € C({— 1,1}^) be 
defined by fi{{xn)) = xi and take its restriction /i to K. Then X]„Jo^(— "S")"/! converges 
pointwise to the function h defined by h(zizx^^^) = ±1 for all z G N. But h ^ C{K) since 

^ -x(i) and = 1^-1 = h{-x^^)). Hence the sequence (j^Y.n=oi-ST f- 

does not converge in C{K) and thus xS is not mean ergodic. 



N 



Motivated by this example and various papers in mathematical physics on diffraction the- 
ory of quasicrystals and on the Bombieri- Taylor conjecture (see e.g. [51 [151 ESI HH])! we now 
characterize the mean ergodicity of the semigroup xS- 

Let us first recall some facts about the lattice structure of C{K)' (see [121 Appendix D.2] for 
details). For a bounded linear functional u € C{Ky one defines a mapping 

■.= snv{\{u,h)\:h(^C{K),\h\<f} 

for < / € C{K) and extends it uniquely to a bounded linear functional \u\ G C{K)' . With 
this structure the space C^K)' becomes a Banach lattice. On the other hand, the space M[K) 
of regular Borel measures on is a Banach lattice with the total variation \v\ of a measure 
V e M{K) defined by 



v\{E) ■.= ^nv{y^\v{E,)\:{E, )jGN a partition oi E \ , {E C K measurable). 




and the norm ||z^|| := |z^|(i^). The notation |z/| for a functional u E C{K)' and a measure 
u G M{K) is justified since the mapping 

d : M{K) C{K)' 

u ^ dv 

in the Riesz Representation Theorem is a lattice isomorphism. 

For a function h G L'^{K,fi) we denote by hdfj, € C{K)' the functional defined by 



(/id/x, /) := {h, /)^.(^_^) = h{x)f{x) dfi{x) if € CiK)). 

Lemma 1.5. Let G be represented on C{K) by a hounded semigroup S = {Sg : g E G} of 
Markov operators. If S is uniquely ergodic with invariant measure fi, then for each X S G the 
map 

L\K,^i) D Fix(x52)* ^ Fix(x5)' C CiK)' 
h 1-^ hdi2 

is linear and bijective. 
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Proof. To see that the map is weh-defined, let h S Fix(x52)*. For ah / G C{K) and g & G we 
have 

{{x{9)Sg)'{hdij)j) = {hdfM,xig)Sgf) = {h,xi9)Sg,2f) l^k,,,) = iixig)Sg,2Th, f)^2^j^^i,) 
yielding hdfi G Fix(x5)'. 

Since linearity and injectivity are clear, it remains to show surjectivity. Let v G Fix(x5)'. We 
claim that < Sg\u\ for all g (z G. Indeed, if < / G C{K) and g G, then 

{W\J) = sup \{l^,f)\ = sup \{u,x{g)Sgf)\ < sup 

l/l</ l/l</ \f\<f 

< sup {\ulSg\f\) = {W\,Sgf) = {S'gHf). 

\f\<f 

If < / G C{K) and g eG, then 

< - Hf) < (5>| - H ||/||ool> = ll/lloo {HSgl - 1) = 0. 

Hence G Fix 5' = C-/.f by unique ergodicity and thus ly is absolutely continuous with respect 
to fi. The Radon-Nikodym Theorem then implies the existence of a function h G L°°{K,fi) 
such that = hdfi. The same calculation as above shows that h G Fix(x52)*. □ 

If G is represented on C{K) by a bounded semigroup S of Markov operators, then 52 consists 
of contractions on L?'{K,^) and thus the fixed spaces of 1S2 and 5| coincide. Hence, it follows 
from Lemma 11.51 applied to the constant character 1 G G, that unique ergodicity of S with 
respect to ^ implies ergodicity of S with respect to /u. 

Lemma 1.6. Let G he represented on G{K) by a bounded semigroup S = {Sg : g G G} of 
Markov operators. If S is ergodic with respect to some invariant measure fi and x G G, then 
dimFixX'S2 < 1. 

Proof. The semigroup ^2 consists of contractions on L^{K,fi) and thus the closure ^ of 
^2 with respect to the weak operator topology contains a unique minimal idempotent Q 
(cf. [IS Theorem 16.11]). By [T2l Theorem 16.22] the minimal ideal G = STQ of is a 
compact group (even for the strong operator topology) and the map T ^ TlranQ from Q 
to {TlranQ '■ T G is a topological isomorphism of compact groups. The projection Q is 
positive since each operator in ^2 is positive. Moreover, Q is an orthogonal projection onto its 
range with 1 G ranQ. Since {Qf, 1)^2 = (/, t)i2 > for each < / G L'^{K,fi), Q is strictly 
positive on L'^{K,fi). Hence ranQ is a sublattice of L'^{K,jj,) by |24| Proposition 11.5]. If Tg 
denotes the restriction of Sg^2 to ranQ, then Tg is invertible with positive inverse, hence Tg is 
a lattice homomorphism with Tgl = 1 for each g & G. By [121 Theorem 7.18] each Tg is then 
an algebra homomorphism on the subalgebra ran Q D L°° (K, //) . 

Now, take x £ G. If / G Fixx52, then / generates a one-dimensional 52-invariant subspace 
of L'^{K,fj,) and hence by \12\ Theorem 16.29] is contained in ranQ. Since Sg^2 is a lattice 
homomorphism on ranQ, we have |/| = \x{9)Sg2f\ = 'S'g,2|/| for each g £ G, hence by 
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ergodicity, |/| € C • 1. So, if /, /i € FixxS2 we have f,h € ranQ PI L°^{K,fj,) and we may 
assume |/| = \h\ = 1. We then obtain 

SgM ■ h) = Tg{f ■ h) = Tgf ■ Tgh = ■ x{g)h = f-h 

for each g ^ G. Hence f ■ h ^ Fix52 and therefore f ■ h = c ■ 1 for some c G C, which yields 
f = c-h. □ 

The fohowing theorem is our first main result. 

Theorem 1.7. Let G he represented by a bounded (right) amenable semigroup S = {Sg : g € 
G} of Markov operators on C{K), which is uniquely ergodic with invariant measure fi. For 
X € G the following assertions are equivalent. 

(1) Fixx52 CC(K). 

(2) xS is mean ergodic with mean ergodic projection P. 

(3) FixxS separates Fix(x5)'. 

(4) C(i^) = Fixx5©lhIrg(/-x5). 

(5) Aa^ f converges weakly (to a fixed point of xS) for some/every strong (right) x5- 
ergodic net {A^) and all f G C{K). 

(6) Aa^ f converges strongly (to a fixed point of xS) for some/every strong (right) xS- 
ergodic net (^4^"^) and all f G G{K). 

The limit P of the nets {A^) in the strong (weak, resp.) operator topology is the mean ergodic 
projection of xS mapping G{K) onto Fixx^S along linrg(/ — xS)- 

Proof. The equivalence of the statements (2) to (6) follows directly from Proposition 11.11 

(1)=^(3): If 7^ G Fix(x5)', then u = hdfi by Lemma [1.51 for some 7^ /i G Fix(x52)*- Since 
XS2 consists of contractions on Lp'{K, /x), we have Fix(x52)* = Fix xS2- Since Fix XS2 C C{K) 
by (1), this yields h G Fix^iS and 

= > 0. 

(3)=^(l): Suppose / G Fixx52 \ C{K). Then dimFixx52 = 1 and dimFixx^ = by 
Lemma [1.6 1 while dimFix(x5)' = 1 by Lemma [1.51 Hence Fixx^ does not separate Fix(x5)'. 

□ 

Notice that the mean ergodic projection P of x5 on C{K) coincides with the restriction to 
G{K) of the mean ergodic projection of XS2 on L'^iK,fi). 

As Example 1 1 . 41 shows . mean ergodicity of xS does not hold on C{K) in general. The following 
theorem characterizes mean ergodicity of xS on the closed invariant subspace Yf := linx<S/ 
for some given / G C{K). This extends results of Robinson [201 Theorem 1.1] and Lenz |19| 
Theorem 1]. 

For a closed subspace H C L^{K, n) we denote by Ph the orthogonal projection onto H. 
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Theorem 1.8. Let G be represented on C{K) by a bounded (right) amenable semigroup S = 
{Sg : g & G} of Markov operators, which is uniquely ergodic with invariant measure fi. For 
X € G and f € C{K) the following assertions are equivalent. 

(1) Pm.xsJ^C{K). 

(2) xS is mean ergodic on Yj with mean ergodic projection P. 

(3) Fixx<S|y, separates Y\yi{xS)\Yf- 

(4) /GFixx5eIErg(/-x5). 

(5) f converges weakly (to a fixed point of xS) for some/every strong (right) xS- 
ergodic net {A!^). 

(6) f converges strongly (to a fixed point of xS) for some/every strong (right) x-S- 
ergodic net (Aa^). 

The limit P of in the strong (weak, resp.) operator topology on Yj is the mean ergodic 
projection of x^lvf mapping Yf onto Fixx5|y^ along linrg(/ — xSlvf)- 

Proof. The equivalence of the statements (2) to (6) follows directly from Proposition 1.11 in 

m- 

(6)=^(l): By von Neumann's Ergodic Theorem Pviy.xS2f the limit of A^ f in L'^{K,^). 
If A^^f converges strongly in G{K), then the limits coincide almost everywhere and hence 
PFixxS2f 8- continuous representative. 

(1)=^(4): Let u € G{K)' vanish on Fixx^S © linrg(/ — xS). Then, in particular, {v,h) = 
{i',x{g)Sgh) = {{x{g)Sg)'v,h) for all h S C{K) and g ^ G and thus u S Fix(x5)'. Hence 
by Lemma 11.51 there exists h € Fix(x52)* such that v = hdfi. Let {Aa^'^)a£A a strong 
x52-ergodic net on L'^{K,n). Then {A^^^)*h = h for all a € A and von Neumann's Ergodic 
Theorem implies 

(Uj) = {hj)^2 = {h,Af-f)^, ^ (/l,PFixx&/)L2 = (^,^Fixx5j) = 0. 

<^C(K) eFixxS 

Hence the Hahn-Banach Theorem yields / G Fixx4S®linrg(/— x5) since FixX'S0linrg(/— x5) 
is closed by Theorem 1.9 in Krengel |17| Chapter 2]. □ 

We now recall the concept of a uniform family of ergodic nets from [25] and apply it to 
operators on the Banach space C{K). 

Definition 1.9. Suppose that the semigroup G is represented on G{K) by bounded semi- 
groups Si = {Si^g : g € G} for each i in some index set / such that the Si are uniformly 
bounded, i.e., supj^/sup^gg \\Si^g\\ < oo. Let ^ be a directed set and let {A'^^)aeA C {C{K)) 
be a net of operators for each i G I. Then {{A^')o,eA : ^ G /} is a uniform family of right (left) 
ergodic nets if 
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(1) Va € Ve > 0, V/i, . . . , € C{K), 3gi, . . . ,gn G G such that for each i € / there 
exists a convex combination X]j=i ^i,jSi,gj ^ co5j satisfying 

sup \\A%'fk - YTj=i(^i,jSi,gJk\\oo <e VA; G {1, . . . ,m}; 

(2) limsup||Af7-^f'5^9/l|oc = fhmsupPf7-Si,3Af7l|oo = o) € G, / G C{K). 

The set {{A^'-)a£A '■ i & 1} called a uniform family of ergodic nets if it is a uniform family 
of left and right ergodic nets. 

Notice that if {{A'^^)a£A : i G /} is a uniform family of (right) ergodic nets, then each 
(Af')Qg_4 is a strong (right) 5j-ergodic net. The simplest non-trivial example of a uniform 
family of ergodic nets is the family of weighted Cesaro means 

|(i^(A5)^j :AgtI 

I \ / nGN J 

for a contraction S G {C{K)). See |25| Proposition 2.2] for more examples. 

We now choose a subset A of characters in G and consider the semigroups x<S for each x S A. 
If {{Af)aeA : X e A} is a uniform family of right ergodic nets, / G C{K) and XiS is right 
amenable and mean ergodic on linx5/ for each x G A, then A^ f converges (in supremum 
norm) to PFixxS2f ^'^^ each x G ^ by Theorem 11.81 The next corollary gives a sufficient 
condition for this convergence to be uniform in x G A. It generalizes Theorem 2 of Lenz |19) 
to right amenable semigroups of Markov operators. 

Corollary 1.10. Let G be represented on C{K) by a bounded right amenable semigroup S = 
{Sg : g G G} of Markov operators and let S be uniquely ergodic with invariant measure fi. 
Consider the semigroups xS for each x in a compact set A C G. If {{Aa^)a£A : X € A} is a 
uniform family of right ergodic nets and if f ^ G{K) satisfies 

(1) PFi.xS2f e G{K) for all x G A, 

(2) the map A — > M+,x ll^a*^/ — -PFixx<S2/lloo is continuous for all a G A, 
then 

limsup \\Al^f - PpixxSa/lloo = 0. 

Proof. By Theorem 1 1 . 8 1 and our hypotheses, the semigroup x^ is mean ergodic on linx5/ for 
all X G A- The result then follows directly from Theorem 2.4 in |25| . □ 

The following corollary is a direct consequence. It generalizes Theorem 2.10 of Assani [T], who 
considered Koopman representations of the semigroup (N, +) and the F0lner sequence given 
byF„, = {0,l,...,n-l}. 

Corollary 1.11. Let H be a locally compact group with left Haar measure \ ■ \ and suppose 
that G C H is Q, sub scTfii group such that thcTc exists o, F01tict fict i^Ffy^o^ 

^A in G. Let G 

be represented on C{K) by a bounded semigroup S = {Sg : g G G} of Markov operators and 
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assume thatS is uniquely ergodic with invariant measure /z. /// S C{K) satisfies -Ppixx^/ — 
for all X in a compact set A C G, then 

lim sup 

" X6A 

Proof. If (Fa) is a F0lner net in G, then G and consequently S is right amenable. Since A C G 
is compact, it follows from |25| Proposition 2.2 (f)] that 

/ x{g)Sgdg) :xGa1 

is a uniform family of right ergodic nets. If Pvi^^S2f — fo'^ a-H X S A, then the conditions (1) 
and (2) of Corollary 11.101 are satisfied since the map x ^ fp x{9)Sgfdg is continuous. 
Hence 

lim sup 

□ 

2. Semigroups of Koopman operators 

In this section we consider semigroups of Koopman operators on the space G{K,'C^) of 
continuous C^-valued functions on K for some /c £ N. The space will be endowed with 
the Euclidean norm x i— )■ ||2;||2 = (x, and the space C{K, C^) with the norm / i— ?> ||/|| = 
sup^Gir 11/(3;) lb- We identify G{KX^) with C{K)^ and write / = (/i, . . . , /tv) G GiK,C^) 
with coordinate functions fi € C{K). As before, G is a semitopological semigroup. 

Definition 2.1. A semigroup action of G on K is a continuous map 

G X K ^ K, (5, x) i-> gx 

satisfying 

{gi92)x = gi{g2x) for all gi,52 G G and x e K. 
In this case we say that G acts on K. 

Let G be a semitopological semigroup acting on K and let iS := {5^ : (7 G G} be the cor- 
responding Koopman representation on C{K,C^), i.e., Sgf{x) = f{gx) for / G G(-fC, C'^), 
g G and x G -fC. 

We say that a measure fj, on K is G-invariant if /i(^) = fJ,{g~^A) for all Borel sets A C K, 
where g~^A = {x & K : gx G A}. Notice that this is equivalent to ^ E Fix 5'. If ^ is a 
G-invariant measure, we denote by ^2 = {Sg,2 ■ g G G} the extension of the semigroup S to 
{K, , /i) . The action of G on K is called ergodic with respect to /u if there is no non-trivial 
measurable G-invariant set, or equivalently if Fix52 = C • 1 C L'^{K,fi). The action of G 
on K is called uniquely ergodic if there exists a unique G-invariant probability measure n on 
K. Notice that this is equivalent to Fix 5' = C ■ /i C G{K)' for some probability measure 
H G G{K)'. 



x{9)Sgf dg 



0. 



IK. 



x{g)Sgf dg 
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Definition 2.2. Let be a topological group. A continuous map j : G x K ^ 0, is called a 
continuous cocycle if it satisfies the cocycle equation 

l{9i92,x) = l{g2,x)^{9i,92x) ^91,92 eG,x £ K. 

The set of continuous cocycles is denoted by T{G x K,Q). liQ is a compact metric group with 
metric d, then we endow r(G x K, fi) with the metric 

J(/i,/2):= sup d{fi{g,x),f2{g,x)) (A, ^ G r(G x if, Q)). 

(g,x)eGxK 

Denote by U (N) the group of unitary operators on C'^ and take a continuous cocycle 7 G r(Gx 
K, U{N)). Motivated by papers of Walters |26| and Santos and Walkden |22| we study the mean 
ergodicity of the semigroup 7^ := {'j{g,-)Sg : g G G} on G{K,C^)^ where ^{g, ■)Sgf{x) = 
-f{g,x)Sgf{x) for / € C{K,C^) and xeK. 

In order to proceed as in the previous section we need some facts about vector valued measures 
(see Diestel and Uhl [7]). Denote by M{K,C^) the set of cj-additive functions 1/ : S — > 
defined on the Borel cr-algebra S of K. We define the total variation \i/\2 : S — ?• [0, 00] of a 
measure ly G M{K,C^) by 



H2{E) := sup I ME,)\\2 :E=[_\eA, G S), 

[j=l iGN J 

where E = \_\j^fqEj means that the family {Ej)j^fq C S is a partition of E. 

The main property of the total variation of a measure v G M[K,C^) is the fact that \v\2 : 
S is a finite positive measure on K, which can be deduced from Theorem 6.2 and 

Theorem 6.4 in Rudin 1211. 



Identifying M{K, C^) with M{Kf, we take u = {ui, ...,un) £ M{K, C^). If / = (/i, . . . , /tv) G 
C{K, C^), then the map 

N 



dv : f / fid^i 

i=i 



defines a linear functional on C {K, C ) . For f £ G {K, C ) we have 

Af „ N 

i=l 



duj 



N N 

- E \ fii.^)\Wi\{K) ^ . max sup |/i(x)| V \vi\{K) 



N 



5 AT 



N 



< sup \M^)\' E i^^i w = 11/11 E w 



.1=1 



1=1 



i=l 



and hence du is bounded with WduW < X^^^ IfjKX). 

The next result follows from the Riesz Representation Theorem and is in fact equivalent to it 
(cf. [TDl Chapter VI, Section 7, Theorem 3]). 
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Theorem 2.3. The map 

d : M{K,C^) C{K,C^y 
z/ I— )• dz/ 

is linear and bijective. 

Proof. The only non-trivial statement is the surjectivity. So take ^ € C{K, C^)' , {ei, . . . , cat} 
the canonical basis of and define € C{K)' for each i € {1, . . . , A^} by ^i{f) := ^(/ (8) ei), 
where / (8> Cj G C(X, C^) is the function x ^ f{x)ei. By the Riesz Representation Theorem 
for each i € {1, . . . , iV} there exists Vi € M{K) with = dvi. If we define u := (i/i, . . . , i/^v) G 
M(K, C^), then for each / = (/i, . . . , /at) G C(i^, C^) we obtain 

TV » Af / ^ \ 

'dv, f) = YlJ^ f^du, = J2 (Ci, /.) = U,Y.fi(^eA = it f) 
and hence dv = ^. □ 

For a bounded linear functional v € C(-R', C^)' we define the functional \u\2 by 

(|z.|2,/) := sup {I {u,h)\:he C(K,C^), ||/i(-)||2 < /} 
for < / G C{K). It is clear that ||z^|| = {\v\2, 1). 

Proposition 2.4. There exists a unique hounded and linear extension of \u\2 to C{K). 

Proof. The positive homogeneity of \v\2 is clear from the definition. To see additivity, take 
< /i,/2 £ C{K) and ||/ii(-)||2 < fi and ||/i2(')ll2 ^ /2- Then we have for certain ci,C2 G T 

I I + I {U,h2) I = |C1 (z>,/li) +C2 (z/,/l2) I < iWU, ||ci/ll(-) +C2/l2(-)ll2) 

<(|^^|2,||/ll(-)ll2 + ||/l2(-)ll2)<(k|2,/l + /2) 
and thus (|z.|2,/l) + (|l^|2,/2) < (|z^|2,/i + /2). 

For the converse inequality take ||/i(-)||2 < /i + /2 and e > 0. The open sets 

t/i := {x G : ||/i(x)||2 > 0} and U2 := {x e K : \\h{x)\\2 < e} 

cover K. Hence by Theorem D.6 in |12| there exists a function ijj G C{K) with < ip < 1 and 
supp(V') C Ui and supp(l — ip) C U2- Define for j = 1, 2 

1 0, else. 

Then we have hj G C(i^), /ii + /12 = V'^ and ||/ij(-)||2 ^ /j for each j = 1,2. Moreover, we 
obtain 

\\h - {h + h2){-)\\2 = 11(1 - m-)h = |1 - ^IIIM-)ll2 < el 

and thus 

< |(z.,/ii + /i2)|+e||z.|| < {\u\2,fi) + {\i^\2,f2)+e\\u\\. 
Hence (|z^|2, /i + /2) < (jz^b, /i) + {H2, /2) + e||z^|| and thus 

(|z^|2,/l + /2) < (k|2,/l) + (|z^|2,/2) 

by letting e 10. 
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Finally, we extend |z^|2 first to C{K,M.) by 

iWhJ) := {WhJ^} - {H2J-) if e C{K,R)), 

and then to C{K) by 

{WhJ) := (li'b.Re/) +i(|i^|2,Im/) (/ G C{K)). 

It is straightforward to check that in this way \v\2 becomes linear on C{K). The boundedness 
of \u\2 follows from 

{\y\2J) < ll/llool) = ll/lloollz^ll (0 < / G C{K)). 

□ 



The notation |i/|2 for a functional v E C{K, C^)' and a measure u G M{K, C^) is justified by 
the following theorem. 

Theorem 2.5. The following diagram commutes. 

M{K) c{Ky 



Proof. Let u G M{K,C^) and < / G C{K). Since both C{K,C^) and the set of Borel 
measurable step functions K — )• are dense in L'^{K,C^,fi) we obtain 



\diy\2,f) = sup 



du, h 



< 



/} 



sup 



sup 



sup 



di', h 



: < < /,Ui^, = K, \\h{-)h < ^f3jlE, 



N 



EjVeN I|aj,dl2li?,j < T.jml^AEj,UiEj,i = Ej 
0<j:jef^f^,lE,<f,U,E,=K, 
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Under the condition ||aj^i||2 < (3j for all j, / G N, the expression 
maximal if aj^i = f^jj^^§^jj\^^ for all j, / € N. Hence 



becomes 



[jVgN isN j I 

= sup I J^/3,>|2(i?,) : 5^/3ili?, < /, Ui?,- = K 

= sup I / ^ /3, li5,.d|z.|2 : l3jlE, <f,[}E^ = K 

fd\u\2 = {d\v\2,f) 

K 

and thus \dv\2 = d\v\2- □ 

By virtue of Theorem 12.31 and Theorem [23] we shall identify M{K, C^) with C{K, C'^)' and we 
will use the same notation \v\2 for a measure u € M^KjC'^) and a functional v € C{K,C^)' 
without explicitly distinguishing these two objects. 

We now return to the situation of the beginning of this section and characterize the mean 
ergodicity of 75 for a continuous cocycle 7 € T{GxK,U (N)). For a function h G L^{K, C^, /u) 
we denote by hdn G C{K,C^y the functional defined by 



N 



{hdi^J) := = E / (/ e C(i^,C^)). 

Lemma 2.6. Let the action of G on K he uniquely ergodic with invariant measure /i. // 
: G X K ^ U{N) is a continuous cocycle, then the map 

L2(K,C^,/i) D Fix(752)* ^ Fix(7cS)' C C(i^,C^)' 
h I—)- hdfi 

is linear and bijective. 

Proof. To see that the map is well-defined, take h G Fix(752)*. Then for all / G C{K,C^) 
and g G we have 

{{l{9r)Sg)'{hdfx)j) = {hdn,-f{g,-)Sgf) = {h,-r{g, ■)Sg,2f) l2(k,c'^ ,^,) 
= {hdji, f) , 

yielding hd/j, G Fix(75)'. 
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As linearity and injectivity are clear it remains to show surjectivity. Let v = (z^i, . . . , i^tv) € 
Fix(75)'. We claim that \v\2 < Sg\i^\2 for ah g G G. Indeed, if < / G C{K) and g G G, then 

{W\2J)= sup \{u,h)\= sup \{iy,j{g,-)Sgh)\ < sup {WhAbid, ■)Sgh{-)\\2) 

\\h{-)h<f \\h{-)h<f \\h{-)h<f 

= sup {W\2,Sg\\h{-)h) = {W\2,Sgf) = {S'gW\2j), 

\\h{-)h<f 

since 'y{g, x) is unitary for all x (z K. 
If < / G C{K) and g eG, then 

< {S'g\u\2 - WkJ) < {S'gWh - W\2, ||/|Iool> = ll/lloo {W\2,Sgl - 1) = 

and thus |i/|2 € Fix 5' = C • /i by unique ergodicity. As a consequence of Theorem 12.51 and 
since < |i/|2 the measures z/j are thus absolutely continuous with respect to fi for each i = 
1, . . . ,N. The Radon-Nikodym Theorem then implies the existence of functions hi G L°°{K, fi) 
such that i>i = hidfi for alH = 1, . . . , A^. Defining h := {hi, . . . , /ijv) G L°°{K, C^, //) we obtain 
1/ = hdfi and the same calculation as above shows that h G Fix(752)*. □ 

Lemma 2.7. Let the action of a right amenable semigroup G on K be ergodic with respect to 
some invariant measure ji. If ^ : G x K U{N) is a continuous cocycle, then dim Fix 7^2 < 
N. 

Proof. Suppose dim Fix 752 > ^ and take A^+l linearly independent functions fi, . . . , f]\f,h G 
Fix 752. We may assume that ||/i(-)||2 = 1 for each i G {!,..., A^} since if fi G Fix 7^2 
then ||/i(-)||2 £ Fix52 and thus ||/i(-)|j2 is constant by ergodicity. Moreover, by a pointwise 
application of the Gram-Schmidt process, we may assume that {fi{x), fj{x))^ = 6ij for /i-a.e. 
x € K and each i,j G {1, . . . , A^}. Hence h can be written as 

N 

i=l 

For each i G {1, . . . , A^} we define the function h • fi hy h • fi{x) := {h{x), fi{x))2 for /i-a.e. 
X (z K and claim that h • fi is constant. Indeed, for each i G {!,..., A^}, g G and /i-a.e. 

X G we have 

Sg,2{h» fi){x) = {h{gx)Ji{gx))2 = {j{g,xy^h{x),j{g,x)~''^fi{x))^ 

= {K^)Ji(.x))2 = h» fi{x) 

since ^{g, x) is unitary. Hence h • fi Fix52 and thus /i • /j G C • 1 by ergodicity. Hence h is 
a linear combination of /i, . . . , /tv contradicting the linear independence. □ 

The following theorem is the analogue of Theorem II. 71 for cocycles and generalizes Theorem 4 
of Walters |26| to amenable semigroups. 

Theorem 2.8. Let the action of a (right) amenable semigroup G on K be uniquely ergodic 
with invariant measure fi. If ^ : G x K ^ U{N) is a continuous cocycle, then the following 
assertions are equivalent. 

(1) Fix 7^2 C G{K,C^). 

(2) jS is mean ergodic on G{K,C^) with mean ergodic projection P. 
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(3) Fix 75 separates Fix(75)'. 

(4) C(K,C^) =Fix7cSeIiKrg(/-75). 

(5) A]f f converges weakly (to afixedpoint of ^S) for some/ every strong (right) jS-ergodic 
net (Al^) and all f G C{K,C^). 

(6) A]f f converges strongly (to a fixed point of "fS) for some/every strong (right) jS- 
ergodic net {A]f) and all f G C{K,C^) . 

The limit P of the nets {A]f) in the strong (weak, resp.) operator topology is the mean ergodic 
projection of mapping C{K,C^) onto Fix 75 along linrg(/ — 75). 

Proof. The equivalence of the statements (2) to (6) follows directly from the mean ergodic 
theorem proved in |25[ Theorem 1.7, Corollary 1.8]. 

Notice that Fix(752)* = Fix 7^2 since 7^2 consists of contractions on L"^ [K , , fi) . 

(1)^(3): If / 1/ G Fix(75)', then u = hdfi by Lemma ES] for some / /i G Fix(752)* = 
Fix 7^2. Since Fix 7^2 C C{K,C^) by (1), this yields h G Fix75 and 

{u,h) = ii/i|ii2(^^c^_^) > 0. 

(3)^(1): Suppose / G Fix 7^2 \ C{K,C^). By Lemma 12.71 the space Fix 7^2 is finite dimen- 
sional and by Lemma 12.61 we thus have 

dim Fix 75 < dim Fix 7^2 = dimFix(75)'. 

Hence Fix 75 does not separate Fix(75)'. □ 

The following theorem characterizes mean ergodicity of 75 on the closed invariant subspace 
Yf := IE75/ for some / G C{K,C^) and 7 G r(G x K, U{N)). It generalizes Theorem 8.1 of 
Lenz |18j to amenable semigroups. 



Theorem 2.9. Let the action of a (right) amenable semigroup G on K he uniquely ergodic 
with invariant measure /i. Ifj:GxK^ U{N) is a continuous cocycle and f G C{K, C^) is 
given, then the following assertions are equivalent. 

(1) PFi.^sJ (^CiKX"")- 

(2) jS is mean ergodic on Yj with mean ergodic projection P. 

(3) Fix75|y, separates Fix(75)|y . 

(4) / G Fix75©IiKrg(I-75). 

(5) A]f f converges weakly (to a fixed point of jS) for some/every strong (right) ^S-ergodic 
net (Al^). 

(6) A]f f converges strongly (to a fixed point of "fS) for some/every strong (right) jS- 
ergodic net (Ajf ). 

The limit P of the nets A]f in the strong (weak, resp.) operator topology on Yj is the mean 
ergodic projection of ^S\yj mapping Yf onto Fix 7iS|y^ along lmrg{I — jSIy^)- 
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Proof. The equivalence of the statements (2) to (6) fohows directly from |25| Proposition 1.11]. 

(6)=^(1): By von Neumann's Ergodic Theorem PFix-fS2f is the limit of Ajf f in L^(i^, C^, /x). 

converges strongly in C{K, C^) then the limits coincide almost everywhere and hence 
Ppix752/ ^ continuous representative. 

(1)=^(4): Let v G C{K,C^y vanish on Fix 75 © linrg(/ — 7^). Then in particular {v,h) = 
{u,-i{g,-)Sgh) = {{-i{g,-)Sgyu,h) for ah h G C{K,C^) and g G G and thus v G Fix(7cS)'. 
Hence by Lemma 12.61 there exists h G Fix(74S2)* such that v = hd^. Let (^Q'^^)oe^ be a 
strong 752-ergodic net on L'^{K,C^I^)- Then {Al^^)*h = h for ah a € A and von Neumann's 
Ergodic Theorem implies 

(Uj) = {hj)^. = {h,A2f^f)^, ^ (/x,PFix 75J)l2 = {u,Pf,x^sJ) = 0. 

eC[K,C^) GFix75 

Hence the Hahn-Banach Theorem yields / G Fix7<S©linrg(/— 7<S), since Fix75©linrg(/— 7^) 
is closed by Theorem 1.9 in Krengel |17| Chapter 2]. □ 

Analogously to Corollary 11.101 we consider the semigroups 71S for 7 G A C T{G x K,Z), 
where Z is a compact subgroup of U{N), and ask when Ajf f converges uniformly in 7 G A 
for a uniform family of right ergodic nets {(Ajf)aeA : 7 G A} on C(A', C^) and a given 
/ G C{K,C^). The following corollary is a cocycle version of Theorem 2 in |19| for amenable 
semigroups. 

Corollary 2.10. Let the action of a right amenable semigroup G on K be uniquely ergodic with 
invariant measure fi. Assume that A C T{G x K, Z) is compact and consider the semigroups 
75 on C{K, C^) for each 7 G A. // {{A]f)a£A : 7 £ A} is a uniform family of right ergodic 
nets on C{K,C^) and if f € C{K,C^) satisfies 

(1) i^Fix752/ e C{K, C^) for each £ A and 

(2) A^M+,7^ pZ^'Z-Pp ix 7-S2/II continuous for each a e A, 
then 

hmSUpPf /-PFix752/|| =0. 

" 7eA 

Proof. By Theorem 12.91 and our hypotheses the semigroup 75 is mean ergodic on lin75/ for 
each 7 G A. The result then follows directly from Theorem 2.4 in |25) . □ 

In order to show the analogue of Corollary 11.111 for cocycles we need a lemma. 

Lemma 2.11. Let H be a locally compact group with left Haar measure \ ■ \ and suppose that 
G C H is a suhsemigroup acting on K such that there exists a F0lner net {Fa)aeA G. 
Consider the semigroups 75 on G{K, C^) for each 7 in a compact set A C T{G x Z). Then 
{{A'jf)aeA : 7 ^ A} defined by 

Aff:=-^ l j{g,-)SJdg (/gC(J^,C^)) 
is a uniform family of right ergodic nets. 



18 



M. SCHREIBER 



Proof. (1): Let a G e > and /i, . . . , G C{K, C^). Since A C T{G x K, Z) is compact 
the family {g i— )■ 7(3, ■)Sgfk : 7 G A} is uniformly equicontinuous on the compact set for 
each fe G {1, . . . , m}. Hence for each k G {1, . . . , m} we can choose an open neighbourhood Uk 
of the unity of H satisfying 

g,h£G, h~^g£Uk sup\\j{g, ■)Sgfk - -/{h, -^SgfkW < e. 

Then U := HfcLi is still an open neighbourhood of unity. Since F^ is compact there exists 
51, . . . ,gn G Fa such that F„ C [J]=igjU. Defining Vi := CiFa and V,- := (t/jC/ nFa)\Vj^i 
for j = 2, ... ,n we obtain a disjoint union F^ = Uj=i ^j- Hence for all 7 G A and k G 
{1, . . . , m} we have 



1 f ■J'' I V>- 1 

- a I J Fa j^i l-^al 

1 " /■ 



dg 



< 



1 



e = £. 



(2): Let g G G and / G C{K, C^). Then 

||7(5, ■)Sgf\\ = sup h{g,x)f{gx)h = sup ||/(5:e)||2 < ||/|! 

since 7((7, x) is unitary for all x & K. Hence 
1 



sup 

7eA 



Fa 



7(5, ■))Sgf - j{hg, ■)Shgfdg 











< sup 




7GA 


JFaAhFa 



h(.9,-)Sgf\\ 



IF AhF I 

< ' 1^ I ' 11/11 ^0- 

-Try 



□ 



For actions of the semigroup (N, +) and the F0lner sequence Fn = {0, 1, . . . , n—1} the following 
corollary has been proved by Santos and Walkden |22| Corollary 4.4] generalizing a previous 
result of Walters |26| Theorem 5] , who considered the case = 1 . 

Corollary 2.12. Let H be a locally compact group with left Haar measure | • | and suppose that 
G C H is a suhsemigroup such that there exists a F0lner net {Fa)a&A G. If the action of G 
on K is uniquely ergodic with invariant measure /_i and if f G C{K,C^) satisfies PFix'yS2f — 
for all ^ in a compact set A C T{G x K, Z), then 

lim sup 

° 7GA 



7(5, ■)Sgf dg 
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Proof. If (-Fq) is a F0lner net in G, then G is right amenable. By Lemma 12.111 the set 
{{Af)aeA : 7 e A} defined by 

Afi; ■.= j^ [ 7(5, ■)Sg^P dg G G{K, C^)) 

\^a\ JFc 

is a uniform family of right ergodic nets on C{K, C^). If PFix'yS2f — fo^" ^.H 7 € A, then the 
conditions (1) and (2) of Corollary 12.101 are satisfied since the map 7 1— ?• fp 7(5, ■)Sgfdg 
is continuous. Hence 

lim sup 

° 7eA 

□ 

3. Mean ergodicity on group extensions 

In this section we characterize mean ergodicity of semigroups of Koopman operators associated 
to skew product actions on compact group extensions. 

Let G be an amenable semigroup acting on K and assume that /i is a G-invariant probability 
measure on K. Suppose that is a compact group with Haar measure rj and j : G x K ^ Q 
is a continuous cocycle. We define the skew product action of G on A' x by 

g{x,uj) := {gx,uj'y{g,x)), {x,uj)£Kxn. 

The cocycle equation implies that this is indeed a semigroup action and one checks that the 
product measure fix r] on K x Q is G-invariant. We denote by T = {Tg : g G G} the Koopman 
representation of this action on G{K x Q) and by 72 = {7g,2 : 9 € G} its extension to 
L'^{K X X rf). 

In order to study the mean ergodicity of T, we need some harmonic analysis. Denote by the 
set of irreducible representations of Q and by Rep(r2, A'^) the set of irreducible A^-dimensional 
representations of Q. (see e.g. Folland |13| Chapter 3.1]). Notice that Q. = IJ^gjsj Rep(r2, A^) 
by O Theorem 7.2.4]. If vr € Rep(i7,A^), we can choose an inner product on C"^ such that 
vr becomes unitary (see [Q] Lemma 7.1.1]). Hence we may always assume that each finite 
dimensional representation is unitary. For vr G Rep(r2, A^) and for a fixed orthonormal basis 
{ei,...,eAr} in the maps vr^j- G G(r2) defined by iTij^uj) = (vr(a;)ej,ej) are called the 
matrix elements of vr. 

On C{K, C^) we consider the Koopman representation S = {Sg : g G G} of G. For g ^ G the 
operator vr o ^(^g, ■)Sg is defined by 

TT o 7(5, ■)Sgf{x) = ^(7(5, ^))f{9x), f G C{K, C^),x G K. 

Denote by (vr o 7)5 := {vr o 7(51, ■)Sg : g £ G} the corresponding semigroup and by (vr o 7)^2 
its extension to L'^{K, C^, //). 

Theorem 3.1. Let G be a right amenable semigroup acting on K and suppose that Vt is a 
compact group and ^ : G x K ^ a continuous cocycle. For the Koopman representation S 
of G on C{K,C^) for each A^ G N and the Koopman representation T of the skew product 
action on G{K x Q) the following assertions are equivalent. 

(1) T is mean ergodic on C{K x 0). 



7(5, ■)Sgf dg 
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(2) (vr o 7)5 is mean ergodic on C{K,C^) for each vr € Rep(il, A^) and each N ^N. 



Proof. For a fixed orthonormal basis {ei, . . . ,6^} of every / S C{K, C^) can be written 
as / = X^^i /jCj for functions /j S C{K). Therefore, for each vr € Rep(r2, A^), € iiT x 

and (7 € G we have 

Af AT TV AT 

^^Tg{fi ® ■Kij){x,oj)ej = ^'^ fi{gx){'K{uj-f{g,x))ei,ej)ej 

1=1 j=l i=l j=l 

N 

= ^7r{uj)Tr{j{g,x))fi{gx)ei 

i=l 

= 'K{uj)Tr{j{g,x))Sgf{x). 



(1)^(2): Take P G coT such that TgP = PTg = P for all 5 G G and vr G Rep(Jl, iV) for some 
iV G N. Define the operator Q on C(K, C^) by 

N N 

Qf{x) := J^P(/i®7ri,)(x,ln)e,-, (/ G C(i^, rr G K) 

where 1q is the unit element of Q.. We claim that Q is the mean ergodic projection of (Tro^)^. 
Since P G coT, there exists a net {^^=1 ^n,aTg„)a C coT with PF = liniQ, J2n=i ^n,aTg„F 
for ah F G C(ir x n). For every / G C{K,C^) we thus obtain 

Qf{x) = lim ^ A„,a ^ ^ (/i (g) 7rij)(a;, 1^)6^ 

n=l i=l j=l 

= lim V A„,aVr(ln)vr(7(c/„,,a;))S'g„/(x), 

n=l 

where the limit is uniform in x G -fC. This yields 



Qf = limy^A„,aVro7(g„,-)5'g„/ 

n=l 

for ah / G C{K, C^) and hence Q G co(7r o 7)5. 
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To see that Q is a null element of co(7r o 7)5 let g £ G and / € C{K, C ). We then have 



Q(7r o 7(5, ■)Sgf) = lim ^ Xn,a{'^ o j{g^., •)5'gj7r o 7(5, •)S'g/ 

" n=l 

= lim A„,a7r O 7(5-5^., O-^gSfc/ 



ra=l 



Nc N N 



a 

71=1 j=l j = l 

N N 



i=l J 

Qf. 



Analogously, one verifies vr o 7(51, ■)SgQf = Qf and hence Q is a null element of co(7r o 7)5. 

(2)=>(1): Take a strong right T-ergodic net {Aa)aeA on C{K x 0) with G coT for all 
a £ .4 (cf. the proof of Proposition 1.3. and Theorem 1.4. in |25]). So suppose that — 
^n=i ^n,aTg„ £ coT for all a £ A. For T to be mean ergodic we need to show that (AaF) 
converges strongly to a fixed point of T for every F € C{K x Q). By \13\ Theorem 5.11] the 
linear span of the matrix elements is dense in (7(0). Since C{K) (8) C{i}) is dense in C{K x i}) 
and the A^ are linear and uniformly bounded, it thus suffices to show that A^if (8> VTjj) 
converges for every / G C{K), vr G Rep(r2, A^) and i,j G {1,...,A^} for each G N. So 
take / G C{K), vr G Rep(r2, A^) and fix an orthonormal basis {ei, . . . ,eAr} of C^. For each 
{x,u}) £ K X Q and i,j £ {1, . . . , A^} we have 



Aaif <8) 7Tij){x,Uj) = ^ Xn,aif '^ij)i9n-X, UJj{gn, x)) 
n=l 

= ^Ki,af{9n-X) {TT{uj)7:{-/{gn,x))ei,ej) 

n=l 



n=l 



where G C(ii', C^) is defined by f^^\x) = f{x)ei. One verifies that the net {Ba)a&A forms 
a strong right (vr o 7)5-ergodic net. Since by hypothesis (vr o 7)5 is mean ergodic, it follows 
from Theorem 12.81 that B^f^^^ converges in C{K,C^) to a fixed point /i^*) of (7107)5 for each 
i = 1, . . . , A^. Defining the function hij £ C{K x 0) by hij{x,uj) := (x) , ej ) , we thus 
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obtain 



\Aa{f f^TTij) - hij\\c(Kxn) = sup 



\n=l 



< 



n=l 



\ej\\2 0, 



since '7t{uj) is unitary for each cj € fi. Hence the net Ao,{f (8) TTij) converges in C{K x i}) to the 
fixed point hij of 7~. □ 



Combining Theorem 13.11 and Theorem 12.81 we obtain the following corollary. 

Corollary 3.2. Let the action of a right amenable semigroup G on K be uniquely ergodic with 
invariant measure fi and suppose that Q, is a compact group and -f : G x K ^ Q a continuous 
cocycle. For the Koopman representation S2 of G on L'^{K,C^,^) for each € N and the 
Koopman representation T of the skew product action on C{K x Q) the following assertions 
are equivalent. 

(1) T is mean ergodic on C{K x 17). 

(2) Fix(7r o 7)^2 C C{K, C^) for each vr G Rep(r^, N) and each TV G N. 

For the proof of the theorem below we need a characterization of the ergodicity of the above 
skew product action. For this purpose we extend Theorem 2.1 of Keynes and Newton |16| to 
semigroup actions. 

The trivial 1-dimcnsional representation 1— > 1 on is denoted by 1. 

Proposition 3.3. Let the action of a semitopological semigroup G on K be ergodic with respect 
to some invariant measure fj, and suppose that ft is a compact group with Haar measure r] 
and ^ : G X K Q a continuous cocycle. For the Koopman representation S2 of G on 
L'^{K,C'^ , fi) for each G N and the Koopman representation Ti of the skew product action 
on L^{K x x 77) the following assertions are equivalent. 

(1) FixTi = C • 1. 

(2) Fix(7r o 7)52 = {0} for each tt G \ {1}. 



Proof. (1)=>(2): Assume (1) and suppose there exists 7^ / G Fix(7r o 7)^2 for some A^- 
dimensional representation vr G \ {1}. Fix an orthonormal basis {ei,...,eAr} of and 
define Fj G L'^{K x fi, ^ x 77) by Fj(x, oj) = (7r(a;)/(x), ej) for each j G {1, . . . , A^}. Then for 
each j G {1, . . . , A^}, g G and fi x r/-a.e. {x,uj) & K x il. we have 



Tg^2Fj{x,uj) = Fj{gx,uj-f{g,x)) = {TT{uj)7r{'y{g,x))f{gx),ej) = (7r(a;)/(x), e^) = Fj{x,uj). 
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Hence Fj G Fix 72 for all j G {1, . . . , and thus each Fj is constant. Since / G L'^{K, C^, /x), 
we can write / as / = Xli^i fo'^ /« ^ L'^{K,ii). By Fubini's Theorem we then obtain 

/ Fj{x,uj) dfi X ■q{x,uj) = fi{x) {TT{uj)ei, ej) dfi x ri{x,u}) 

JKxn ~[JKxn 

N 

= / fi{x) dn{x) / 7rij(tj) dr/(a;) = 
,_i Jk Jn 

for all j G {1, . . . , Af}, since vr 7^ 1 (see [9l Theorem 7.2.1]). Hence Fj = for all j G {1, . . . , iV} 
and thus / = 0, which contradicts the assumption. 

(2)^(1): Let F G Fix 7i, iV G N, vr G Rep(17,iV), ie{l,...,N} and define 

K,iix) = / F{x,uj)TT{ujy^ei dr]{uj). 
Then for every g & G and fi-a.e. x G K we have 

TT o-f{g,-)Sg^2K,iix) = 7T{'y{g,x)) / F(5fx,a;)7r(w)"^ei (i??(a;) 

= 7r(7(5,x)) / F{gx,uj-f{g,x))TT{j{g,x))~^-K{uj)-'^ei dr]{uj) 



F{x,lo)tt{u) dr]{uj) = K,i{x) 
by the invariance of the Haar measure rj. Hence hj^^i G Fix(7r 0^)82 = {0} and thus 



F{x,uj)'K,ji{u])drj{(jj) 

for each vr G Rep(0,A^) \ {1}, each z,j G {1,...,A^} and fi-a.e. x (z K. Hence F{x,-) is 
constant for /x-almost every x G and thus there exists / G L'^{K,fi) with F = f 1. Since 
F G FixTi it follows that / G Fix 52 and by ergodicity / and consequently F is constant. □ 



The following result is due to Furstenberg p31 Proposition 3.10] in the case of an N action 
on a compact metric space K. Our proof does not use the Pointwise Ergodic Theorem and 
so-called generic points. 

Theorem 3.4. Let the action of a right amenable semigroup G on K be uniquely ergodic 
with invariant measure jj, and suppose that Q is a compact group with Haar measure rj and 
■J : G X K Q a continuous cocycle. If the skew product action {x,uj) i— )■ {gx,u}^{g,x)) on 
K X 0, is ergodic with respect to the product measure fx x rj, then it is uniquely ergodic. 



Proof. The ergodicity of the skew product action is equivalent to FixTi = C • 1 and thus 
Fix(7ro7)52 = {0} for all tt G by Proposition [331 Since Fix<S2 = C - 1 on L'^{K,ii) this 
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yields Fix(7r o 7)^2 C C{K, C^) for all vr € Rep(r2, N) and € N. Hence T is mean ergodic 
by Corollary 13.21 and thus uniquely ergodic by Proposition 11.21 □ 

Acknowledgement. The author is grateful to Rainer Nagel and Pavel Zorin-Kranich for 
valuable comments and interesting discussions. 
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